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ABSTRACT

SYMAP2, a FORTRAN computer program for symbolic manipulation of
algebraic forms, is operational on the BRIESC 2 computer. FORTRAN-
like formulas can be built up, combined, displayed, differentiated,
modified through substitution or change of variables, and operated on
in various other ways, either to verify or eliminate the need for many
tedious and lengthy hand transformations. No knowledge of FORTRAN
programming as such is required for use of SYMAP2. This report

includes numerous examples with detailed explanation of each.






II.

IIT.

VI.

TABLE OF CONTENTS

Page

ABSTRACT . . . . . 7
LIST OF ILIUSTRATIONS. . . . . . . .
BACKGROUND . .9
THE MASAITIS L-SYSTEM AND SYMAP2 . - 10
INPUT TO THE SYMAP2 MANTPULATOR - 12
A. Part (1) Input . .12
B. Part (2) Input . . . 12
C. Part (3) Imput . . . . . . . 1k
D. Part (4) Input . . 1k
SPECIFYING MANTPULATIONS . . . .« o &+ o « v o « « & « 15
A. Basic Manipulations . 15
B. Composite Manipulations. . 19
C. Control Manipulations. . 21
EXPOSITORY EXAMPIES., . . . . . . . 25
A. 1Indexed Arrays and Controls. . 24
B. Product over an Index Set. . . . . . . . . . 26
C. Sum over a Double Index Set. . 28
D. Substitution in Manipulating Trigonometric

Identities . e e e e e - 50
E. Indefinite and Definite Integration. . 3L
F. Symbolic Differentiation . . . 36
G. Differentiation of a Function Defined Implicitly . . 3&
H. Differentiation of Two Functions Defined Implicitly. k4l
I. Change of Variables. « « « « o « « « v o & « @ . L3
J. Taylor's Series in Two Variables . . . . . L5
PRESENT STATUS OF SYMAP2 AND FUTURE PLANS. . 55
REFERENCES . . 57
DISTRIBUTION LIST. . . & v ¢« v 4 o+ o o o o o s o o . 59






LIST OF ILLUSTRATIONS

Summary of Options, Part (2) Input . . . . . .
Summary of Principal Basic Manipulation Types.

. Summery of Principal Basic Manipulation Types.

Input, Parts (2), (3), (4), for Array Example.
Principal Output, Array Example. .

Product over a Single Index Set. .

Sum over a Double Index Set.

Input for Substitution Example

Principal Output, Substitution Example
Integrands Allowing Complete Integration in x.
Principal Output, Integration Examples

Input for Differentiation Example.

Principal Output, Differentiation Example.
Change of Variables Example.

Flow Diagram, Taylor's Series Example.

Detail of Boxes 11 through 18, Taylor's Series .

Principal Output, Taylor's Series Example. .

Page:
b
19
20
25
26

30
32
32
35
35
21
37
L5
bt
52
55






I. BACKGROUND

Traditionally the electronic computing machine has been used as a
large, fast, accurate device for numerical calculations where either
many steps, many decimal places of accuracy, or compliceated logic as to
vhat steps to take next are involved. In recent years there have been
a number of attempts to extend the speed, the capacity, and the logic
of the computer to a variety of non-numeric or partially non-numeric
applicationsl. The computer-based algebraic symbol manipulator is one
such extension.

A mathematician, or other scientist or engineer, using pencil and
paper often has to carry out tedious algebraic and related symbol
manipulations in transforming mathematical expressions to more useful
forms. Obvious examples include expanding powers of sums, grouping
terms having some common factor, performing differentiation with
respect to one or more variables, changing coordinate systems, and the
like. In the process it is easy to make careless errors such as losing
a sign, overlooking one term, or depending on faulty recollection of
some mathematical rule. Electronic computers can be programmed to
carry out many symbolic transformations quickly and accurately and thus
save the mathematician both time and effort as well as reduce the
likelihood of a careless error. SYMAP2 was designed to do just that
and is now operational at BRL. *

Earlier attempts to achieve some of these goals have been made
both at BRL and elsewhere. P. Smith2 successfully attacked the
differentiation problem at BRL using & Polish suffix notation
internally. Very little use of his programs has been made locally.
While these programs still exist within ARDC F*they are programmed in
the FORAST language rather than the more standard FORTRAN IV. SYMAPL
is a more recent algebraic symbol manipulator designed at BRL by the
authorB, and it is available in FORTRAN IV. It is largely restricted
to manipulations of polynomials, although decimal exponents are
permitted and some trigonometric functions are allowed as coefficients.

Differentiation of polynomials in several variables is included, and

* Ballistic Reseanch Laboratories
**Abendeen Research & Development Centenr
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a variety of substitutions can be performed. SYMAPZ2, the subject of
this report, includes all these capabilities and many more.

Other algebraic symbol manipulators have been devised elsewhere.
Brief discussions of some of these are to be found in surveys by

P

Bobrowh and Sammet”, which contain extensive bibliographies. Perhaps
the best known of these are FORMAC6 end ALTRAN7. None of these outside
manipuletors is available on computers at BRL since most of them were
designed for other specific computers. Brief comparisons with SYMAP?

will appear occasionally later in this report.

ITI. THE MASAITIS L-SYSTEM AND SYMAP 2

C. Masaitis of the Applied Mathematics Division of BRL has developed
an original approach to the algebraic symbol manipulation problem. It
is called the L-System and is described in detail in an as yet
unpublished manuscript8. A few comments are in order here, as SYMAP 2
is an implementation by the author and Miss V. Woodward of AMD of much
of the L-System with minor changes for operational expediency. The
implementation in turn influenced certain alternative design character-
istics, and the L-System was modified to reflect some of these.

A special internal notation (L-notation) was developed by Masaitis
for mathematical forms in the L-System. This notation, while better
read by machines than by humans, removes the inherent ambiguity of
some standard mathematical conventions and makes precise many important
relationships between component parts of the mathematical forms no
matter how complicated the forms. Given this notation and Masaitis'
related precise rules of manipulation, the computer program SYMAP2
could be implemented and has been within the constraints of the
computers currently availaeble at BRL. Flow charts and related details
of the implementation are presented in another as yet unpublished
reportg.

In general any mathematical form is permitted which can be built
up from constants and primitives by repeated application of the

operations of addition, subtraction, multiplication, division,
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exponentiation, and certain standard or general functions of one or

more variables. The set of simple functions of one variable implemented
at present includes loge, loglo, sin, cos, tan, cot, sec, csc, arc sin,
arc cos, arc tan, arc cot, sinh, cosh, and tanh. Others could be added
if needed. The user can &lso specify such general functions as f(x),
g(u,v), etc. Repeated applications of these operations can build up
composite expressions of considerable complexity which in turn can be
operated on further.

Additional operations include summations over one or more sets of
integer indexes, products over index sets, indefinite integration*,
definite integration*, differentiation, substitution of one algebraic
form for another in a third, solving (small) systems of linear algebraic
equations, change of variables, and several kinds of factoring. With
each of these manipulations certain kinds of expansion and simplification
are automatic, and others are under user control. Results can be
displayed in readable form following any such operation.

Most computer problems at BRL are written in the FORTRAN language,
and SYMAP2 consists of more than 120 FORTRAN subprograms interlinked
appropriately to achieve the aims of the variety of manipulations
mentioned above. Several versions of SYMAP2 exist, all functioning on
the BRLESC 2 computer. One version in "standard" FORTRAN could be
implemented elsewhere with at most minor changes. Other versions
provide some additional flexibility by using certain special features
of local computers and local FORTRAN conventions and subroutines.

Where pertinent in this report these versions will be distinguished.

*The evatuation of integhals has been impLemented, but is Limited 2o
centain very commonly occurning classes of integrands, as discussed
Laten.



IIT. INFUT TO THE SYMAP2 MANIPULATOR

As with most FORTRAN programs some "data' must be supplied to the
SYMAP 2 manipulator. This input consists of several distinct parts
introduced sequentially:

(1) Stendard input common to all users.

(2) Mode specification and list of user primitives.
(3) List of user special functions (at least one).
(4) List of user manipulations and special controls.

The present implementation of SYMAP2 at BRL is as a "batch"
problem, not remote and not interactive; so the input is prepared in

advance and submitted on punched cards.

A. Part (1) Input

The part (1) input is provided to the user and merely submitted
first. It supplies certain standard symbols and symbol strings used
internally and is read in rather than prestored to provide flexibility
in case of implementation on dissimilar computers. In particular, the
special primitive names PI (=m), EBASE (=e), and INFIN (=~) are supplied
here, not in part (2). This part terminates with a "sentinel card"

consisting of commas in card columns 1 and 2 only.

B. Part (2) Input

Input for part (2) is of two types, one card for certain user
options and additional cards for specifying user primitives. The
options include: (a) exact (rational) or approximate (decimal)
arithmetic, (b) stopping if an indeterminate form is encountered
(0/0, O, ofm, O°, =°  or 1”), or replacing it by a new primitive and
continuing, and (c) specifying a control on certain automatic
expansions.

If all numerical coefficients are integers, specifying either
EXACT or APPROX at column 1 will suffice. Otherwise if rational
numbers are wanted, EXACT should be used. If decimal values are
wanted, APPROX is needed. There are limitations of about 7 digits on

numerator, denominator, and decimal approximation in the BRIESC 2
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implementation. Rounding errors can occur but have not been serious to
date.

Rational numbers are expressed in the form (x,y) where x and y are
integers. Thus 1/5 is denoted (1,5) end - 25/251 is ( -25, 231).
Results in the EXACT mode are reduced to lowest terms automatically, so
that (5,8) + (7,8) = (3,2). If the APPROX mode is specified, then any
rationals such as (1,3) introduced by the user are automatically
converted to decimal values like .%333%3%3 with some error in the last
digit. Similerly & decimal number like .3333333 in the EXACT mode
becomes (3333333, 10000000) and not (1,3); so the user should exercise
ceution in this regard.

For control of indeterminate forms use BYPASS at column 11 if
indeterminates are to be allowed in the form of new primitives. Leave
columns 11-20 blank if the detection of any indeterminate is to be
announced but operation is to cease then.

For control of automatic expansion, specify & small non-negative
integer M in columns 21-22. Then expressions such as (A + B)J will be
expanded only if J is an integer such that 0 < J < M and left unexpanded
otherwise. Expansion in full is automatic if M=0O (or blank). The user
may revise his choice of options if necessary later, in part (4). A
.summary is shown in Figure 1.

The remainder of part (2) of the input is a list, one per card at
column 1, of the primitives the user includes in his algebraic forms.
Not more than LO are allowed &t present. Their sequence in the list
determines & sorting (collating)sequence used in simplifying results;
so if a result is to have its terms grouped in like powers of X, for
example, then X should be specified before any other primitives which
are expected to appear.

Primitives may have names of 1 to 6 letters or digits, the first
a letter, and if the first is F or I the second must not be a digit.
Thus X, Y; XI, LAMBDA, FF, G, J3, FA2 (but not F2A or Il) are allowed.
Input to part (2) ends with a sentinel card as sbove.

13



Card Columns 1-10 Arithmetic mode

EXACTbbbbb Rational arithmetic of numbers

APPRCXbbbb Decimal approximations

Card Columns 11-20 Indeterminates

bbbbbbbbbb Halt on noting indeterminate

BYPASSbbbb Replace indeterminate by new
primitive

Card Columns 21-30 | Expansion control

bbbbbbbbbb Expand wherever possible

integer M Expand only if exponent < M

Note: The symbol b indicates a blank character.

Figure 1. Summary of Options, Part (2) Input

C. Part (3) Imnput

The part (3) input is a similar list of user special functions (at
least one and not more than 30) followed by a sentinel card. Function
names are restricted in the same manner as primitive names and must not
duplicate any primitive name, of course. The number of arguments of a
function is not specified here, only the name. (As above, position on
this input list affects the sorting sequence of functions, but in
general all functions follow the last primitive; so this is rarely

important to the user.)

D. Part (4) Input
Input for part (4) is the sequence of user-specified manipulations

and controls (explained in the next section) followed by & sentinel
card as above. In general there is no further input after part (4),
and the manipulations are ztxrried out in sequence when this final
sentinel is recngnized. Provision to restart at part (2), or at part

(L), can be arranged if needed.

1k



IV. SPECIFYING MANIPUILATIONS

Manipulations allowed with SYMAP2 are of three kinds: basic,
composite, and control. Basic manipulations are allowed in all
implementations. Composite and control types require special festures
aveileble at BRL but not necessarily elsewhere (such as the PACK,
UNPACK, ENCODE, and DECODE operatiOnslo on character strings which are
not standerd FORTRAN).

A. Basic Manipulations

Basic manipulations are specified in a manner similar to some

"three-address-code assembly languages”. In general the result of any
manipulation remains available for later use; so it is given & name.
Names of most results at present are denoted by the letter F followed
by an arbitrary positive integer assigned by the user. (Exceptions
will be explained later). Thus in F21 = X + Y the result is called
F21. The two operands are the (previously declared) primitives X and Y,
and the operation is (symbolic) addition. Thus F21 here represents the
sum x + y, and later operations on F2l would be operations on x +y.
Operands can be primitives, positive numbers, or the results of
previous operations. The second operand may be an explicitly negative
number, but not the first. (However, unary operations with - permit
the introduction of negetives in general.) The following examples
introduce several basic manipulation types. The brief comments often

shown &t the right in examples are of course not punched on actual

input cards.
F1 =1.3+X addition
F2 =6 -Y subtraction
F3 =3 ¥ X multiplication
Fb =Y / k division
5 =X ¥ -2 exponentiation
F6 = SIN (Fl) function of one argument
FT = -TF3 change of sign (unary)
F8 =F7 *Fl operation on 2 previous results
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F9 = GFCN (F2, F7, -8) function of 3 arguments
(see part (3) input)

F10 = F4 ** F5 higher level exponentiation

F1l = F2 copy (unary)

Fl2 = -3,1416 form a negative number

With SYMAP2, unlike conventional FORTRAN, the decimal point is not
needed (but 1s permitted) with integers such as those shown in F2, F3,
Fi, and F9 above. |

In most of the above examples no simplification is required, but
it would be automatic in the case of F8 where F7 * F1 would mean
(-3x) * (1.3 + x) and would become the equivalent of -3.9x :25x2. -
Similarly in F10 the quantity (.25y)° would become (.25)° * y*
automatically in accordance with the rules of the L-System as adopted
and implemented.

Additional basic manipulations Include the following as examples,

discussed briefly below:

F2l = SUM (1, L4, X, F3)
F22 = PROD (2, 4, Y, F2)
F23 = DERIV (X, F6)

Fol = IINTEG (X, F6)

F25 = DINTEG (F2, F3, T, F5)
F26 = SUBST (F6, X, Fk)
F27 = CCEFF (X, F8)

Fo8 = VAIUE (F21)

F29 = VAIUE (F22)

F30 = VAIUE (F23)

F31 = RECONV (F9)

Here F21 is the algebraic form equivalent to the indlcated sum

over an integer index set, namely g (3*x). The sum is not
automatically expanded as this is often undesirsble. However, F28 is
the value of this summation, i.e., the expanded form with any
"standard" simplifications carried out. Thus, F28 is 3*1 + 3%2 + 3*3
+ 3%l which simplifies to 30. Similarly, F22 is the Indicated product

16



L

H2(6-y), not expanded. However, F29 is the expanded and simplified
Zesult, not necessarily & number in general, but in this case found to
be (6-2) * (6-3) * (6-4) =L * 3 *x 2 = 2, Double and triple sums and
products are also allowed.

F23 is the indicated derivative with respect to x of the form F6.
Its value is F30, namely the value of %; [ sin (1.3 + x) ] or
cos (1.3 + x). In some versions of SYMAP2 the DERIV operator includes
the VALUE operation as & convenience to the user.

Much more complicated derivatives can be found, some of which are
discussed later in this report.

Fok and F25 are indicated indefinite and definite integrals
respectively. Certain kinds of symbolic integrals can be evaluated;
others are merely indicated at present. There are no plans currently
to attack the general symbolic integration problem, however. Here F2k

is the equivalent of j sin (1.3 + x) dx and F25 represents f5x x72 at.

6-y
Indicated double and triple integrals are also provided for. Examples

are included later in this report.

F26 is the result of an actual substitution in which the primitive
X is replaced by FL, that is .25y, wherever X occurs in F6. Now F6
represents sin (1.3 + x); so F26 represents sin (1.3 + .25y). Examples
of more complicated substitutions are given later in thils report.

F27 is the coefficient of the first power of x in the form F8,
namely -3.9. The coefficient in some other case might have been non-
numeric, such as a function of y, etc. Finding such coefficients is
one type of factoring.

F31 is a display (readable print-out) of the form F9, generated
earlier. Displays cannot be manipulated further and indeed are not
saved; so any operation on F31 would fail. F9 remains available,
however, and can be manipulated further.

Other basic manipulations can be used to set up and solve small
systems of linear algebraic equations with non-constant coefficients.

(Constant coefficients are permitted, but more efficient methods are

17



available for such cases, using standard FORTRAN subroutines.)
Manipulations of type FSYST, SOLVEQ, and ELEM are needed in conjunction
with types introduced earlier, As an example:

FL5 = FSYST (FLl, F32, F39)
Assuming that FL1, F32, and F39 are 3 linear expressions in 3 unknowns,
this step forms an ordered system of 3 equations (each assumed equal
to 0). _

FL6 = FSYST (X, Y, Z)
This step forms & similar system of the 3 unknowns in the order
specified.

FLT = SOLVEQ (FLS5, FL6, 3)
This solves the 3 equations specified at F45 for the 3 unknowns
specified at F46 and forms an ordered arrsy of the solutions at FLT.

F48 = ELEM (Fhk7, 1)
FL9 = ELEM (FL7, 2)
F50 = ELEM (FL7, %)

These steps isolate the first, second, and third elements of the array
F4T for any further operations, such as display.
F51 = RECONV (FL9)

This displays in readable form the item specified, in this case
the second element of the solution, that is, the value of the varisable
Y in terms of the parameters other than X and Z which occur in the
original system FL5.

Incidentally, the "unknowns" in such systems need not be primitives
so long as the equations are linear in them. For instance Fil might be

x2 + 2y + 22 + & . sin (wl/g) + cp’ - L and the unknowns could be pv,

1/2)

parameters introduced via the other equations.

sin (w , and x2. The solutions would involve y, z, &, c, and any
Similar commands could be used (in principle) for systems of 1,2,
3,4 or more elements. A limit of at most 3 elements is imposed at
present on BRLESC 2.
Additional information on several of these and & few additional

SYMAP?2 commands is found in the examples given later in this report.
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A brief summary is shown in Figure 2(a) and (b) below:

Arithmetic
El + E2 El * E2
El - E2 El / E2
-El E1l ** E2
Simple Functions
LOGE (E1) . ARCSIN (E2)
LOG10 (E1) ARCCOS (E2)
SIN (E2) ARCTAN (E2)
cos (E2) Arccor (E2)
TAN (E2) SINH (E2)
cot (E2) COSH (E2)
SEC (E2) TANH (E2)
csc (E2)

Here Ei is a primitive, a positive constant, or the label Fj of a
previcus result. E2 but not E1l can be an explicitly negative constant

also. El cammot be a constant. i, j, and k are positive integers, and

p is a primitive. See also Figure 2(b).

Figure 2(&). Summary of Principal Basic Manipulation Types

B. Composite Manipulations

Composite manipulations allow for the equivalent of several basic
manipulations in one user specification. Thus algebraic formulas much
like the "arithmetic expressions" of FORTRAN are permitted:

F55 = (Y**2 - X**(Y-1)) * (SIN (F3 + Y * LOGE (X¥*¥*(Y-1))))**2
Use of such a formula may make specification simpler for users familiar
with FORTRAN expressions. The SYMAP2 program analyzes such expressions,
breaks them up into equivalent basic manipulations and in due course
carries out those basic manipulations. Advantages are that fewer cards
are needed, and meaningful formulas are kept intact by the user.
Disadvantages are that the manipulator program is enlarged and is
slowed down by the time needed to analyze complicated expressions, and

further that scme basic manipulations may be done more often than
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Special Functions
RECONV (FJ,)
VALUE (Fj)

COEFF (EIL, FJ,)

=317

FSYST (E1, E1’, ..., E1'")
SOLVER (F ,, F' o)

ELEM (FJ,, i)

SUBST (Fj, E1l, E2)
DERIV (p, Fj)

IINTEG (p, FJ,)

IINTEG (p, p’, FJ.)

ITNTEG (B, »°, P'', F))
DINTEG (E2, E2’, p, F.)

DINTEG (E2, E2’, p, E2'/, E2""', p’, F3)

DINTEG (E2, E2’, p, E2'', E2'"/, p’, E2"""' m2""''" "' 7.)

suM (1, k, p, FJ.)

. L
SUM (i, k, p, 17, kl) PI) Fj)

77 7 /7

. . 4 .

SUM (1; k, p, 1I) kl) p,1i ,k ,p ,F )
PROD (i, k, p, F.)

PROD (i, k, p, i, kl) D, Fj)

FROD (i: k, p, i, k
SEQ (E2, E2', ..., E2
IMDIFF (p, F., p’, F.)
IMDIFF (P: F.,p, F,
IMDIFF (p, F., p', F

e Coe

~ O
s,

poMDIF (i, i, F,, F., F./, F,
() J J’ J ) J J

~
~
~
-~
~
-
~
~
-~
-~
-~
-~
~
S

CHGVAR(i,i,i,F,,Fj,FJ,,F , F.

Figure 2(b). Summary of Principal Basic Manipulation Types
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necessary. In F55 for example X**(Y-1) appears twice and would be
generated twice. However, the user could generate it once, as FS54 say,
and refer to F54 twice in specifying F55.

Certain special basic manipulations such as ELEM, VALUE, RECONV,
COEFF, etc. are not permitted in composite manipulations per se but can
be done separately and the results referred to by label. A length
limitation to card columns 1 - 70 is also imposed on both basic and

composite manipulations at present.

C. Control Manipulations

Control specifications allow certain kinds of counting, decisions
based on counts, and jumps. Some use of indexed arrays is also
permitted. Jumps are to numbered manipulations only. At present up to
100 different cards may have unique one or two digit numbers in columns
79 - 80. The unconditional jump, say to the manipulation numbered 40,
is as follows:

GO TO 40
where the GO starts at card column 1. This causes the manipulation
numbered 40 to be done next, then the one after L0, etc. until some
other control specification changes the sequence again.

Other jumps depend on the integer contents of certain pseudo-
index registers called Il, I2, ..., I20. At present there are
precisely 20 of these. Their existence rules ocut primitives and
functions having names starting with the letter I followed by a digit,
as stated earlier. Each index register In can contain one integer,
positive, negative, or zero. Loading an index register, say I3, with
an integer, say 2, is done with the following control specification,
starting at card column 1:

INDEX I3 = 2
The integers in index registers may be changed by adding, subtracting,
multiplying, or dividing by constants or by the contents of other

index registers. (The integer result of division is "rounded down"



the same as in FORTRAN). Thus

INDEX I2 = I2 + 1
INDEX I2 = I3 - 5
INDEX Ih = 3 * I1
INDEX Ik = I1 * 5
INDEX I5 = I3 / b
INDEX I3 = I1 - I2

and similar integer operations using two operands are allowed.

The only conditional jump allowed at present is similar to the
"Jump if +" operation in some computer codes. In SYMAP2 it takes the
form

IF (In , m)
where In is any index register and m represents any numbered manipulation.
Thus
IF (13, 25)
tests the integer contents of I3 and if zero or greater causes a Jjump
to the manipulation numbered 25.

Use of the above GO TO, INDEX, and IF types of control specifications
permits many of the logical and looping capabilities of numeric
processors. These are operational on the BRIESC 2 computer. Other
types may be added to the SYMAP2 manipulator in the future.

It should be noted that the manipulations

INDEX I5 =1
and

F3 =1
are not equivalent. The first puts the integer 1 into a single cell
called IS which can be used as just described. The second puts
several characters, equivalent to unity in the L-notation, into a
string called F3. Conversion between the two notations is permitted,
however, by additional index operations. Thus:

INDEX F7 = Ik

causes the integer at IL to be transformed into L-notation and stored
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in string F7 (with I4 not changed), and

INDEX I3 = F2
causes the L-integer in string F2 to be converted to a true integer and
stored in index I3 (with F2 unchanged). The latter requires that F2
actually be an integer in L-notation, not some other algebraic form, or
an error occurs.

When SYMAP2 control specifications are available (as on BRIESC 2),
certain indexed arrays of resuits are also permitted. Names of up to 9
characters such as F1(2), F2(3,5), F3(12), F4(I1,5), F6(12,13), F7(2,3,L)
are allowed both as results and as arguments for later manipulations.
Only indexes Il through I9 are permitted in arrays at present. Note
that a name like F35(I1,I3) exceeds the 9 character limitation, as does
F1(I1,12,I3). Actually, names with references to index registers L
are adjusted internally, with the name In being replaced by the contents
of I . Thus, if Il contains 100, then the name F40(I1,2), which has
9 characters, is changed to FL0(100,2), which has 10 characters and is
illegal. The contents of Il must be kept small to avoid this. In
practice, however, SYMAP2 arrays must be kept small for other reasons;
so this naming restriction is not serious.

Result names Fi and of course In can be reused if desired. 1In
such cases previous results with exactly the same name are no longer

available.

V. EXPOSITORY EXAMPIES

The principal meanipulations of basic, composite, and control types
have now been introduced. Examples follow to show additional features
of some of these and to indicate how they can be applied in practice.
Some comments on generality are included with each and also in Section

VI.
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Indexed Arrays and Controls

Given two 3 x 2

matrices A and B, find C = A + B.

Assume that the elements of A have been found and are the symbol

strings with names F1(1,1), F1(1,2), F1(2,1), F1(2,2), F1(3,1), and

F1(3,2) and that those of B are in a similar array F2(i,J).

Iet us

find the elements of C and store them in an array F3(i,J).

For this specific case 6 steps are sufficient:

F3(1,1) = F1(1,1) +
F3(1,2) = F1(1,2) +
F3(2,1) = F1(2,1) +
F3(2,2) = F1(2,2) +
F3(3,1) = F1(3,1) +
F3(3,2) = F1(3,2) +
Six more steps of type RECONV

displayed.

F2(1,1)
F2(1,2)
F2(2,1)
F2(2,2)
F2(3,1)
F2(3,2)

are needed if the results are to be

(See Figures 3 and k).

If, however, the number of rows or columns Were much larger, say

6 x 8, or perhaps changing for different applications, use of indexes

and loops might avoid duplicate human effort.

INDEX IS
INDEX I6
INDEX Il
INDEX I2

= = 0 O

F3(I1,I2) = F1(I1,I2) + F2(1I1,I2)

F100 = RECONV (F3(I1,I2))

INDEX I2 =
INDEX I3 =
IF (I3,20)

INDEX Il
INDEX Ik
IF (Ik4,10)

i

INDEX I1 =

20

Iz
I6

I1
I5

1

+

1
Iz

1

ol

10
20

no. of rows

no. cf columns
first row
first colwn
one element

display

last column?

last row?

dummy operation
(or next step, if any)



APPROX optiong

X primitive(s)
Y

’5

G function(s)
)

F1(1,1) = Y*SIN(X) + Y *¥ - 3 all
F2(1,1) = SIN(X) * 3%y-Y ** 2.5 bll
F1(1,2) = X * SIN(X) ** 2 al2
F2(1,2) = X * COS(X) ** 2 bl2

F1(2,1) = (5,6) * G (Y)
F2(2,1) = (1,3) * G (Y)
F1(2,2) = 4 * ¥ **x 3

F2(2,2) = (Y * -.2) ** 3

F1(3,1) = (X +Y) ** 3

F2(5,1) = (X - Y) ** 3

F1(3,2) =X - Y a32
Fo(3,2) =Y - X b32
F3(1,1) = F1(1,1) + F2(1,1) cll
F3(1,2) = F1(1,2) + F2(1,2) cl2
F3(2,1) = F1(2,1) + F2(2,1) c2l
F3(2,2) = F1(2,2) + F2(2,2) c22
F3(3,1) = F1(3,1) + F2(3,1) c31
F3(3,2) = F1(3,2) + F2(3,2) c32
F100 = RECONV (F3(1,1)) display(s)
F200 = RECONV (F3(1,2))

F300 = RECONV (F3(2,1))

7400 = RECONV (F3(2,2))

F500 = RECONV (F3(3,1))

F600 = RECONV (F3(3,2))

Figure 3. Input, Parts (2), (3), (4), for Array Example
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F100
Ly * (SIN(X) )+( -1 )*Yy%x2, 547%% (-3)
F200
X*(SIN(X) )¥*2+x*(COS (X) )**2
F300
1.166667*(G(Y))
FLOO
< 392¥Y*¥*3
F500
EXXKY¥K 242K H* 3
F600
0

Figure k. Principal Output, Array Example

Note that in the second exemple an inner loop starting at step 20
is traversed for each element of any given row and an outer loop start-
ing at step 10 allows consideration of each row in turn. The results of
step 20 are stored with names F3(1,1), F3(1,2), ..., F3(1,8), F3(2,1),

., F3(6,8). Thus there is no conflict in the reuse of the "label"

F3(11,12), and all A's, B's and C's remain available for further use.

B. Product over an Index Set

b
Let us use SYMAP2 to generate Il (i2 + j) and then evaluate it.

i=1
The operand 12 + J can be built up in two basic steps.
Fl = I**2 12
F2 = F1 + J i° 4

where I, J are previously specified primitives.
Now indicate the product for i running from 1 through 3.
F3 = PROD (1, 3, I, F2)
This single product requires one triplet 1, 3, I indicating the lower

limit, the upper limit, and the running index, followed by a final
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Input:

EXACT

I

J

’5

G

’>

Fl = I¥*2

F2 =Fl1 +J

F3 = PROD (1, 3, I, F2)
FL = VAIUE (F3)
F5 = RECONV (FL)

)0

Principal Output:

F5
LO* J+1U* Jr*2+T* %3436

Figure 5. Product over a Single Index Set

parameter specifying the operand of the product. The indicated product
is called F3.

Fih = VALUE (F3)
In this context VALUE substitutes successively i =1, i =2, and i =3
in i2 + J and multiplies the results to get the equivalent of
(1% +5) % (% +5) % (5% +5) or (1+9) % (4 +3) * (9+3) wnich
automatically expands to 36 + L9j + lhj2 + 35 at Fh.

F5 = RECONV (Fk)
This displays the final results in readable form. (See Figure 5.)

Double and triple products can be handled similarly, within limits

imposed by computer memory allocations.
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The general single product, double product, and triple product,
such @s ul uz2 ul u3 ue ul
mf or I nmrfr or T ! mf
Xx1=£1 x2=£2 x1=£1 x3=£3 x2=02 x1=£1

are specified respectively by

PROD (L1, U1, X1, F)

PROD (L2, U2, X2, L1, Ul, X1, F)

PROD (L3, U3, X3, L2, U2, X2, L1, Ul, X1, F)
where

F is the operand, usually dependent on X1, X2, X3

L1, L2, L3 are the lower limits

Ul, U2, U3 are the upper limits

X1, X2, X3 are the running indices (bound primitives)

Ul-11, U2-12, U5-L3 are integers 2 O
If such a product is to be evaluated using the VALUE operator, the
Limits must normally be explicit integers. However, special cases such
as £L = n, where n is a primitive, and vl = n + 5 are also allowed.

The operand F may not contain indexed arrays such as F1(X1,X2) at

present.
C. Sum over a Double Index Set
3 3
.2 .
Let us use SYMAP? to generate (i~ + j) and
then evaluate it. i=l j=2

The double summation can be specified in one step, once the
summand has been built up. We assume that I and J have been previously
specified as primitives.

Fl = I¥%2 12

F2 =F1 +J i2 +
The summand 12 + j is thus called F2 here.

F3 = suM(1, 3, I, 2, 3, J, F2)

The double summation in the L-system requires seven parameters, namely

two triplets for the two index sets and one summand. The first triplet

1, 3, I specifies lower limit, upper limit, and name of index for the
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last (outermost) summation. The second triplet 2,3, J is similar for
the next (here, innermost) summation. The summand is specified as the
last parameter. At this point F3 is the indicated double sum in L-
notation.

Fi = VAIUE (F3)
In this context VAIUE causes the successive substitution of j = 2 and
then j = 3 in the summand and sums the results to obtain 12+2 + i2+3
or 21° + 5. It then uses 22 + 5 as the new summand (still symbolic,
note) and successively substitutes i =1, 1 =2, 1 = 3 and sums to get
2(1)2+5 + 2(2)2+5 + 2(3)2+5 or 7T + 13 + 23 or 43. Thus the result Fh4
is the L-form equivalent to the number L3.

F5 = RECONV (Fh)
This displays the readable result L43. (See Figure 6.)

Naturally, if the summand had contained other variables or functions
the result would have been non-numeric. Some simplification would take
place but the result might not be in the "simplest" form for the user.
Additional substitutions might then be applied through other
manipulations, if desired.

Triple sums and of course single sums can be specified in a
similar way.

The general single, double, and triple sums such as

ul uz2 ul u3 ue ul
E f or E E f or E E E T
Xl=2l x2=£2 x1=41 x3=43 x2=42 x1=£1

are specified respectively by

suM (L1, U1, X1, F)

suM (L2, U2, X2, L1, U1, X1, F)

suM (L3, U3, X3, L2, U2, X2, L1, Ul, X1, F)
with the same restrictions specified earlier for products over index
sets. In particular note that Ul-Ll, U2-L2, U3-L3 must be integers
2z 0.



Input:

APPROX

I

J

»

FCN

s

F1 = T #* 2

F2 =F1 +J

F3 = suM (1,3,I, 2,3,J, F2)
F4 = VALUE (F3)
F5 = RECONV (Fk4)

)0
Principal Output:

F5
43

Figure 6. Sum over a Double Index Set
D. Substitution in Menipulating Trigonometric Identities

Given that
sin (A + B)

sin A ¥ cos B + sin B * cos A

and that
cos (A +B) = cos A * coge B -~ sin A * sin B
let us derive formules for sin 3A and for cos 3A in terms of sin A
and cos A.
Assuming that composite manipulations are available (otherwise
taking & few more, but equivalent, steps) we can write:
F1 = SIN (A) * cos (B) + SIN (B) * cos (A)
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which is equivalent to sin (A + B), and similarly:

F2 = COS (A) * COS (B) - SIN (A) * SIN (B)
which is equivalent to cos (A + B). We note that if B were set equal
to A in Fl and F2, we would get the equivalent of sin (A + A) or sin 2A
and of cos (A + A) or cos 2A. Similarly for B = 2A we would get the

equivalent of sin 3A and of cos 3A in terms of functions of A and 2A.

F11 = SUBST (F1, B, A)
F12 = SUBST (F2, B, A)
F13 = 2 * A

F1h = SIN (F13)

F15 = C0S (F13)

We now have explicitly sin 2A at Flh and cos 2A at Fl5 as well as their
equivalent expressions in terms of A at F1ll and Fl2.

F21 = SUBST (Fl, B, F13)

F22 = SUBST (F2, B, Fl13)
Now F2l1 is eguivalent to sin 3A and F22 is equivalent to cos 3A, both
in terms of A and 2A. Let us remove the dependence on 2A by use of
F11 through F15.

F23 = SUBST (F2l, Flk, Fll)
This eliminates sin 2A in the expression for sin 3A.

F2L = SUBST (F23, Fl15, F12)
This eliminates cos 2A from the result of the preceding step.
Similarly,

F25 = SUBST (F22, Flhk, F11)

F26 = SUBST (F25, F15, F12)
Now the formula wanted for sin 3A is at F24 and that for cos 3A is at
F26. These can be displayed with two more steps:

F100 = RECONV (F24)

F200 = RECONV (F26)

These results involve sin A and cos A to various powers. If some other

combination is preferred, then replacing sin2 Aby 1 - cos2 A or
cos® A by 1 - sin® A etc. in F2h and F26 (or perhaps in F12 before

continuing as shown) might give the form wanted. In general it is not
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APPROX

2

FCN

22

F1 -
F2 =
F11 =
Fl2 =
F13 =
Flk =
F15 =
F100 =
F200 =
F300 =
FLOO =
F21 =
F22 =
F500 =
F600 =
F23 =
Foli =
FT00 =
F25 =
Fo6 =
F800 =

20

SIN (A) * COS (B) + SIN (B) * cos (A)
COS (A) * cOs (B) - SIN (A) * SIN (B)
SUBST (Fl1, B, A)
SUBST (F2, B, A)

2% A

SIN (F13)

Ccos (F13)

RECONV (F11)

RECONV (F12)

RECONV (F1k)

RECONV (F15)

SUBST (F1, B, F13)
SUBST (F2, B, F13)
RECONV (F21)

RECONV (F22)

SUBST (F2l, Fik, F11)
SUBST (F23, F15, Fl12)
RECONV (F2k)

SUBST (F22, Fl4, F11)
SUBST (F25, F15, F12)
RECONV (F26)

Figure 7. Input for Substitution Example



F100
2% (SIN(A))*(cos(A))
F200
(-1)*((SIN(A))**2)+((COS(A) )**2
F300
(SIN(2*A))
FLoO
(cos(2*A))
F500
(SIN(A))*(cos(2*A) )+(SIN(2*A) )*(cos(A))
F600
(-1)%(SIN(A) )*(SIN(2*A))+(cOs(A))*(cos(2*A))
F700
5% (SIN(A))*((COS(A) )**2)+(-1)*((SIN(A))**3)
F800
(-3)*((SIN(A) )*¥*2)*(COS(A))+((COS(A) )**3)

Figure 8. Principal Output, Substitution Example

obvious in advance just which substitutions of this kind are useful.
Hence they can not be fully automatic. However, the user can try
several versions of his "program" one after the other, and select the
form of result he prefers.

Figures 7 and 8 show the input and output for an equivalent set of
steps with a few additional results displayed.

Substitution in SYMAP2 is by no means limlted to trigonometric
expressions. Indeed, primitives, powers, products, and sums can be

L
replaced in most contexts. In particular, & product like a2 . X

L
can be replaced in a context like log (3 . e . b5 . X . y) where the
factors are not even adjacent. Many symbol manipulators do not have

this capability.
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E. Indefinite and Definite Integration

Let us find the indefinite integral with respect to y and then x

of a sum of terms involving powers of y and x, namely:

/ﬁ?x“wx’lyesin(t))dydx

Then let us find the following definite integral as well:

h bd X
f f2 a” cos(y) dy dx
8 t .

The two SYMAP2 procedures are analogous. In each case the integrand is
set up, and then a single additional step is sufficient to specify a
single, double, or even triple integral. If the limits of integration
are complicated, they probably should be formed separately for

convenience. Finally the results can be displayed in readsble form.

Fl=2%X %% L4 Y +X %% -1 ¥y *% 2 % SIN(T) integrand 1
F2 = IINTEG (X, Y, F1) integral 1
F3 = RECONV (F2) display 1

Note that the parameters of the IINTEG operator are, from right to
left, the integrand, the first (or only) variable of integration, and
any other variables of integration in order. A single constant of
integration is generated automatically as each indefinite integration
is completed. If the integration can only be indicated, the constant
of integration is omitted.

The case of definite integration is similar, except that the

limits must be specified.

F10 = T *% 2 a limit

F11 = A ** X * COS (Y) integrand 2
Fl2 = DINTEG (A,H,X,F10,X,Y, F11) integral 2
F1% = RECONV (F12) display 2

Note that the parameters for DINTEG consist of a triplet for each level
of integration plus the integrand at the right. Each triplet has the
lower limit at the left, the upper limit second, and the variable of
integration at the right. In this example the first integration is
with variable y, lower limit F10 (or te), and upper limit x. The

second integration is with variable x, lower limit a, and upper limit h.
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Cl
C x-l
+ C
C, « x 72 C. #-1
1 2
c, . e
1 X
Cl . C2 02 #e
Cl . sin (x)
¢, - cos (x)
¢, - sinh (x)
Cl . cosh (x)
Cl . loge (x)
C -
1 & = positive term
a t+ x
C

[
o
1]

positive term

,’ 2
a - X

Also any linear combination of the above (e.g., polynomials in x).
Note: C;, C,s a must not involve x, but need not be constants. All
other integrations are merely indicated at present. This list may be

extended for other particular cases.

Figure 9. Integrands Allowing Complete Integration in x.

F%
X*CNST1
+(1,5)% (X*%5)* (y**2)
+(1,3)*(Y**3)*(LOGE(X) )*(SIN(T))
+CNST2
Fl3
(A%x(A))*((LOGE(A) )**(-1) )*(sIN(T**2) )
+(-1)% (A%*(H) )* ((LOGE(A) )**(-1) )*(SIN(T**2) )
+DINTEG (A,H,X, ((A**(X) )*(SIN(X))))

Figure 10. Principal Output, Integration Examples
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(In general the limits can be quite complex, but only a limited class
of integrands can be integrated completely using SYMAP2; see Figure 9.)
In this example after one definite integration the integrand

vecomes &” sin (x) - a&¥ sin (t2), a sum of terms. The first term
cammot be integrated further by SYMAP2; so its second integration is
merely indicated. The second term can be handled however, and its
second integration is carried out. The result is shown in Figure 10.
As with most SYMAP2 operations the results, F2 and F12 here, can

be used in further manipulations.

F. Symbolic Differentiation

Let us find the derivative of the algebraic form

Z
x[ cos ty dt

h
a

with respect $o x and y and z separately. PFirst we must generate this

form unless we already have it from earlier steps:

F1 =T%*Y ty

F2 = COS (Fl) cos ty
F3 = DINTEG (H, Z, T, F2) integral
Fh = X * F3 exponent
F5 = A ** FL differand

We then differentiate the form F5 with respect to x in two steps:
F11 = DERIV (X, F5)
Fl2 = VALUE (F11)
Here F1l1l is the indicated derivative, not yet evaluated, and F12 is the

f

i

result of evaluation, namely the L-form equivalent to

xf cos ty dt z
b Y )(f

(a n

To display this in readable form we use a RECONV step:
F20 = RECONV (F12)
(See Figure 11 and 12.)

cos ty dt) (loge a).
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H o N KX

20

GFCN
2
Fl
F2
F>
FL4
F5
F10
Fl11
Fl2
F20

I

F10

T *Y
cos (F1)

DINTEG (H, Z, T, F2)

X *F>3

A *x Fl

]

RECONV (F5)
DERIV (X, F5)
VAIUE (F11)
RECONV (F12)

Figure 11.

Input for Differentiation Example

Ax% (X% (DINTEG(H,Z,T,C0S(Y*T))))

F20

(A%* (X*(DINTEG(H,Z,T,COS(Y*T)))))
*(LOGE(A) )*(DINTEG(H,Z,T,cOS(Y*T)))

Figure 12.

Principal Output, Differentiation Example
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In like manner we can differentiate F5 with respect to y:

F21 = DERIV (Y, F5)
F22 = VAIUE (F21)
F30 = RECONV (F22)

Here we would get a FORTRAN-like expression readily interpreted as

xfz cos ty dt z
(a h ) (xj. (- t sin ty) dt) (logea)

h
The exact order of elements would depend heavily on the collating
sequence used.

Three similar steps would get the derivative with respect to z as

z
X cos ty dt
‘J h

(a ) ( x cos zy) (log,a).

Incidentally, the L-forms F12, F22, and the like can be differentiated
further to obtain second- and higher-order derivatives if desired. Also
numeric values can be substituted for some or all variables to obtain
derivatives at specific points.

Many outside symbol manipulators such as ADTRANT are designed to
process polynomials or rational expressions only. An example like this
one involving trigonometric functions and integrals could thus not be

done with such manipulators.

G. Differentiation of a Function Defined Implicitly

Suppose that u is defined implicitly in terms of an independent
variable x and two other variables v and w, which also depend on X,
as follows:

F(x,u,v,w) = < tu . log, (x) + Wt W =0
where, say:

sin (x)

v
x + tan (x)

g (x)

w
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Let us find the derivative of u with respect to x, that is E%— g(x),
in terms of x, u, v, and w.
The SYMAP2 operator IMDIFF (implicit differentiation) is used to

this end. Several preliminary steps are required, however:

FL =X *%¥2 + U * LOGE(X) + U %¥5 4 V *%3 % W *x2 F
F2 = G(X) u
F3 = SIN (X) v
F4t = X + TAN (X) W
F5 = IMDIFF (X, F1, U, F2, V, F3, W, FL4)

F6 = RECONV (FS5)

The parameters of IMDIFF are, from left to right:
(1) The independent variable of differentiation, here Xx.
(2) The formula defining the dependent variable implicitly, here F.
(3) The dependent variable, here u.
(4) The general function (of x) representing the dependent variable,

here g(x).

(5) One of the intermediate variables, if any, here v.
(6) The explicit definition of v in terms of x.

(7) Another intermediate variable, if any, here w.

(8) The explicit definition of W in terms of x.

Of course X, U, V, and W must be primitives (so declared in
part (2) of the SYMAP2 input), and G must be a user specified function
(as declared in part (3) of the input.)

The result of IMDIFF, stored with label F5 and displayed via the
4 g(x) but is the

dx
total derivative of the expression ¥, which is equivalent to

RECONV operator, is not the desired derivative

s, .du O av ¢ dw ]
3 Tw A& Tw & tTaw & (=0)

since F is a function of x, u, v, and v in this example and u, v, and

w are all functions of x.
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In this example

oF | 2.x + u.x—l

ox

dF _ L du _ dg(x)

i loge(x) + 5.u - e

oF _ 2 2

dv v %ﬁ = cos (x)

OF _ , 3 aw _ -2
o 2.v7.w oLt [cos(x)]

Thus F5 represents

(x +u . x_l) + (loge (x) + 5-uh) . dg(x) + 5.v2.w2. cos(x)
dx

+ 2.v5.w. (1+ [cos (x) ]_2 ) (=0)
which is a linear equation defining dgfx] implicitly. It can be

solved using the SOLVEQ operator as fgflows:
F7 = DERIV (X, F2) dg(x)
F8 = SOLVEQ (F5, F7, 1) dx
F9 = RECONV (F8)

The SOLVEQ parameter 1 indicates just one equation; so F5 and F7 serve
as cne-dimensional arrays without any need of the FSYST operator.

F8 represents the solution (a single element) and can be displayed
directly without pricr use of the EIEM operator. In this example the

solution is the equivalent of

_(ex + wx 5.v2.w2. cos(x) + DO+ 2 [cos(x)]_e)
(108, (x) +5 . u')

fully expanded as five terms, each containing the inverse of the
denominator as a factor. This is the derivative wanted.

At present IMDIFF is limited tc O, 1, cor at most 2 intermediate
variables like v and w. If w had been missing from F in the example
above the last two IMDIFF parameters could have been omitted. If no
intermediate variable had been involved, the first four parameters

would have been sufficient.
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Note that if there were two or more independent variables, say
x and y, the above procedure could be used to find either 3g (x,y)
or 3g (x,y) separately. The only changes needed would 3%y
ox

be Lo express u, v, and w in terms of both x and y instead of x alone
and to specify either x or y, but not both, as the first parameter of
IMDIFF and of DERIV.

H. Differentiation of Two Functions Defined Implicitly

Suppose that u and v are defined implicitly in terms of an

independent variable x by means of two equations, say:

F (x,u,v) =u . Vi . log, (x) =0

F, (x,u,v) = u . sin(x) - v . X =0
Also let

u = g, (x)

v = g,(x)

indicate the dependence of u,v on x.

Let us use SYMAP2 to find du and dv , that is dgl(x) and dg2(x)
dx dx dx dx
The operator IMDIFF cannot be used directly here, but another operator,

PIMDIF, can. Because of the generality of PIMDIF several specifications

and preliminary steps are needed:

F1 =U*V ¥ 2 + C % LOGE (X)
F2 = U * SIN (X) -V * A % (2 % X)
F3 = FSYST (Fl, F2)

This forms the system of equations defining the u and v implieitly.

(In principle there could be several equations in several variables.)

Fit = G1 (X) u =g (x)
F5 = G2 (X) v =g, (x)
F6 = SEQ (FL4, F5) sequence

These steps form an ordered sequence (technically different from a
system in SYMAP2) of the functions showing a general dependence of u

and v on x (or on several independent variables if that is appropriate).
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F7 = SEQ (X) independent
F8 = sEQ (U, V) dependent

These two steps form ordered sequences of the independent variable(s)

[

and of the dependent variables respectively. Finally,
F9 = PIMDIF (1, 2, F7, F3, F8, F6)
There are always six parameters for PIMDIF, specified in this order:
(1) the number of independent variables
(2) the number of equations (and dependent variables)
(3) the sequence of independent variables (primitives)
(4) the system of eguations
(5) the sequence of dependent variables (primitives)
(6) the sequence of dependency functions
Note that F7 here is the sequence containing x, not the primitive x
itself.
The result F9 is a system of linear equations, here two equations

in dgl(x) and dgg(x), which can be solved with SOIVEQ as follows:

dx ax
F11 = DERIV (X, Fh) unknown 1
Fl12 = DERIV (X, F5) unknown 2
F13 = FSYST (Fll, Fl12) unknowns
Fl4 = SOVEQ (F9, F13, 2) solutions
F15 = ELEM (F1k, 1) solution 1
F16 = ELEM (Fl4, 2) solution 2
Thus F15 is the derivative dgl(x) end F16 is dgg(x), both expressed

dx dx
in terms of x, u, v. If desired they can be displayed using RECONV in
the usual way.

If there had been two independent variables x and y and the
sequences, functions, and numerical paremeters of PIMDIF had been
adjusted to show this, then the system F9 would have been two pairs of
equations, with equations 1 and 2 in Bgl(x,y) and agg(x,y) and equations

ox ox
% and 4 in Bgl(x,y) and agg(x,y) . A set of four equations in four

¥ W
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unknowns is too large for SOLVEQ as implemented on BRLESC 2 at present;
so two separate systems would have to be formed out of F9 using EIEM and
FSYST. This could be done, however, with only a few extra SYMAP2 steps,
and the two systems solved separately. Given a larger core memory on

BRIESC 2, larger systems could be handled directly.

I. Change of Variables

Given a pair, say, of differential equations of the first order

X+y M :O

T ox

sin (x) + g?ﬁf;il =0

let us change independent variables from (x,y) to (w,z) where

X =W+ 2z
Yy =W . %
The SYMAP2 operator CHGVAR was developed for this purpose. Several

preliminary steps and specifications are required:

F1 = G(X,Y)
F2 = X + Y * DERIV (X, F1)
F3 = SIN (X) + DERIV (Y, F1)
FL = FSYST (F2, F3)
This forms the system of differential equations to be transformed.
F5 = SEQ (X,Y)
F6 = SEQ (W,Z)

These form two ordered sequences of the old variables and of the new

variables, respectively.

FT =W + 2 x(w,z)
FS =W *2 y(w,z)
F9 = FsYsT (F7, F8)

These state the relations of the old variables in terms of the new, and
form a system of them (in the same order as for the sequence, namely

first x and then y).

F1l = H1(X,Y) w(x,y)
F12 = H2(X,Y) z(x,y)
F13 = FSYST (Fll, F12)
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These state the general dependence of the new variables in terms of the
0ld (using functions declared in part (3) of the input), and form a
system (in the order w, then z).
Finally,

Flk = CHGVAR (2,2,2, F4, F5, F6, F9, F13)

There are always precisely eight parameters for CHGVAR, namely,

from left to right:

(1) the number of equations

(2) the number of old varigbles o

(3) the number of new varigbles n < o

(4) the system of equations

(5) the sequence of old varisbles

(6) the sequence of new variables

(7) the system, 0ld in terms of new

(8) the system, new as functions of old

The result of CHGVAR, here called Flh, is a system of equations

equivalent to the original but in terms of the new variables, namely
the results wanted. They can be isolated using ELEM of course:

F15 = ELEM (F1k, 1)

F16 = ELEM (Fl1k, 2)
Finally they can be displayed 1f desired:

F17 = RECONV (F15)

F18 = RECONV (F16)

The new equations (see Figure 13) are equivalent to

(w-z)_l Cw .z, %% - (w-z)_l . w.ze . %% + W.Z. %% +w+z =0

and —(w-z)-l . %% + (w-z)"l . gf + sin (w + 2) =0

Incidentally, the operator CHGVAR automatically mekes repeated
use of IMDIFF and PIMDIF, while PIMDIF also uses IMDIFF. This
perticuler example was run on BRIESC 2 and required approximately 0.2
minute, including several displays. The time required depends on the
particular relations, number of variables, number of derivatives present,

etc.
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Equations in (x,y) as displayed
Y*(DERIV(X,G(X,Y)))+ X
(DERIV(Y,G(X,Y)))+(SIN(X))

Equations in (w,z) where x =w +z, y = w . 2
((W+(~1)%Z %% (-1) )*wxZ**2% (DERIV(W,G(W,Z) ))
+(=1)% (WH(-1)%2 )% (1) )*w*Z**2% (DERIV(Z ,G(W,Z) ) )
+W*Z* (DERIV(W,G(W,2)))
+W
+Z

(-1)*((w+(-1)*2)**(-1))*(DERIV(W,G(W,Z)))
+((W+(-1)*2)%**(-1) )*(DERIV(Z,G(W,2)))
+(SIN(W+2))
Figure 13. Change of Variables Example
At present there are severe limitations on size in various parts
of SYMAP2. For CHGVAR at most two old variables, at most two new

variables, and at most three derivatives of first order can be handled.

Some of these restrictions can be relaxed on special request.

Je Taylor's Series in Two Variables

For a more extensive application of SYMAP2 let us study in some
detail hpw to expand a function of two variables in a Taylor's series
about a point (a,b). The same technique would apply to any function
f(x,y) but for definiteness let us consider f(x,y) = sin (x + y) and
choose (a,b) = (0,0). For some other function f or some other point
(a,b) only the first few manipulations, which specify these, need be

changed; so the "program" is reusable in many Taylor's series contexts.
Y Y

£(x,y) = £(a,b) + (n = +k %)f(x,y)

(a,b)

1 e d \2
+ 57 (h sz + k 52)7 £(x,y) + ...
2! ox sy ’ (a,b)
L o 9 yn + Rn
tar (B + kST £(xy)

(a,b)
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Here h =x -a and k =y - b and the rem&inder Rn will be ignored.
Thus repeated derivatives with respect to x and to y and mixed partials

like 85 f will be needed. Further, the substitution of a for x

0x dy
and b for y must be done repeatedly. In general the higher derivatives
of functions are much more complex than the functions themselves; so the
character strings tend to get longer and some rather small finite n will
have to be set to avoid overflow of memory blocs (whose size is
preassigned vie FORTRAN DIMENSION statements). This problem is less
serious for sin (x + y) than for most functions.

We will make use of the control manipulations introduced earlier
which allow counters and loops. (Without these many similar steps
would be needed for the higher level terms, and additional steps would
have to be added if n were increased.)

The flow diagram shown in Figure 14 will be used to clarify the
SYMAP2 steps as they are introduced. Because of the looping involved,
some strings need to be initialized prior to entering the loops, and
some strings used repeatedly need to be formed early and saved for reuse.
Some copying is needed also.

The i - th order terms in the Taylor series are given by:

1 3 o i

_— h—+k — >

77 (b3 5y ) Toy) (a,b)
i\ 13 3 4

R ax oyl | (2)p)

Tn the flow diagram boxes numbered 11 through 18 handle the variation

of J from 1 through i and box 19 handles J = 0, the term involving
3t
ax1

to box 10. As with any program, other sequences of operations could

Box 29 provides the variation of i1 up through n, looping back

have been used to the same end.
Box 1 specifies the f(x,y) and the point (a,b), here (0,0), as

well as the desired level of expansion n, say 3. We assume that
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START
—_—

2

SPECIFY
1 £ h=x-a —F103
XJY) k: Y-b ‘—"»F]Od
a —»F10] 2
b —-Fl02 || MK —F105
| 1=h' (i =0)—F106
n —=I4 i _
1= (h+kt) (t=0) —F107
T =il (i=0) —>F108
10 f(a,b)=2, —F109
j=1 —T] i=1 —e13
hi —F106
(h+kt?)' —e=F107 2.
! —F108 ;
O F o Fusjf. o' f
dy dxl-idyi
B
L, .i.F.l — F .
(i)W —=ra3 3y |(a,b) At
AN
AT h™ 'k .
)i, 1 Ehd
(J)h”k /;| —=F34 T 2y . (ab) 35
< 8 19
jt1—=j —Ii 9 Fl —» F) (=_:..f.
ax x1
£+F35—+3 —=FI09 s
——
YES| j<i 7 NO | 2, F! (a.b) — F2]
h o .
. . 29 T ax F (a.b) F35
ves | bl =D T +F35—% —= FI09
L S n ? ‘_]___
-<+——— DISPLAY Z (at F109)
Figure 14. Flow Diagram, Taylor's Series Example.
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primitives x, y, and t have been declared. The first SYMAP2 steps are:
Fl0l =X +Y (x+y)
Fl SIN (F101) f

These two basic manipulations specify f (x,y). (A single composite
manipulation could have been used, if permitted.) If desired F1l can
be displayed in readable form:

F100 = RECONV (F1)
The point (a,b) = (0,0) is specified easily:

F10l =0

F102

The level n is to be a small positive integer, say 3, in index Ib.
One step provides this:
INDEX IL = 3

This completes the varieble part of the program. What follows could
be the same for any reasonable f, any (a,b), and sufficiently small n.

Box 2 forms h = x - a and k =y - b, since various powers of these
are needed and can be built up by repeated multiplication or by
substitution in certain expressions involving them. The combination
h + kt2 raised to various powers can provide the binomial coefficients
and related products such as hi_jkj when needed in the loops. Thus we

provide these SYMAP2 steps:

F103 = X - F1l01 X -8 =
Flo4 =Y - Fl02 y -b=k
F105 = F104 * T kt

F105 = F105 * T kt2

F105 = F105 + F103 h+ kt

(The label F105 is reused here merely because the intermediate results
are not needed further and there is a finite limit on the number of
labels permitted.)*

The next few steps, as shown in box 2 of the flow diagram, set

initial values prior to the iterative multiplications of box 10, which

*See Section VI
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is within a loop with 1 varying.

F106 = 1 nt (i=0)
F107 = 1 (h + kte)i (1i=0)
F108 =1 it (1i=0)

Similarly the initial term of the sum which is the Taylor's series
sought is f(a,b). This can be obtained from f(x,y) at Fl by successively
substituting a for x and b for y:

F20 = SUBST (Fl, X, F101)

F109= SUBST (F20, Y, F102) f(a,b) = T (1=0)
This completes the initializations except for setting the index i to
unity. This index i, kept at I3, refers to the current order of
derivatives and will vary from 1 (since i = O has been taken care of)
to n.

INDEX I3 = 1

We now consider the major loop shown in boxes 10 through 29, with

i held fixed until near the end. The first step of box 10 must be &
numbered manipulation since a jump is made to it from box 29. Let us
use the number 10 and let box numbers and manipulation numbers agree,
merely for convenience. (The first manipulations in boxes 1 and 2 and
certain other boxes do not actually require numbers since there are no
actual jumps to them. They are shown only for ease of reference. )

INDEX I1 = 1 10 numbered step
The above step sets index j, kept at Il, to unity. This index will
very from 1 through i for fixed i, and the case of j = O will be
handled separately in box 19. Certain strings independent of j are

best formed prior to entering the loops and hence are considered here:

F106 = F103 * F106 nt
F107 = F105 * F107 (h + kte)i
INDEX F10 = I3 i
F108 = F10 * F108 it

Note that F108 is an L-constant representing i!, as needed in all terms
of level i. It is formed by multiplying the L-constant for i (at F10)
by the previous F108, which was (i-1)! F107 is the expeanded form of
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(h + ktg)i for the current i. F106 would also be a polynomial if a
were not O, but in this example is a simple power hi = (x - a.)i
= (x - O)1 = x'. Box 10 is now completed and the index j has been set
to 1.

Since there is a Jump to box 11 from box 18, the first step of box

11 must be a numbered one:

INDEX F10 = Il 11 numbered step
F10 = T ** F10 tj
F10 = F10 * F10 £
F31 = SUBST (F107, F10, O)
F32 = F107 - F31
F3% = SUBST(F32, T, 1)
F3L = F33 / F108
The above set of steps generate the needed "coefficient" of
?if , namely z;> pt =9y / i . Other steps could have been

ax Jay?!
used, but this set accomplishes the goal as follows. F10T is (h + kt
i

expanded, equivalent to E :(;) b ™% Tt contains terms in
=

2)i

t2, tu, C e ey 21 and terms not involving t (m=0). We want to

isolate the terms in tgj
nt-dyde?d,

, that is those terms for which m = j, and thus
obtain By generating tzj at F10, using the first 3
steps of box 11 as shown above, and then replacing this power (only) by
O in F107, we obtain at F31 all the terms of F1O7 except the ones
wanted. Then subtracting F31 from F107 gives at F32 exactly the terms
wanted. Replacing t (and indeed all powers of t) by 1 in F32 then
gives at F33 the expression 1Y pi-dyd, (If a or b is not zero, this
is a polynomial in x, y, a, b; otherwise one term.) Finally since F108
contains i! (see box 10), division of F33 by F108 gives at F3L the
"coefficient" wanted. i

We next evaluate the appropriate derivative S;I:ES;E

for the current fixed i and fixed j. One way to do this is to use

50



slightly different notation and a separate set of steps for each j.
Let us introduce box 12 for j=1, box 13 for J=2, etc., &s shown on the
expanded flow diegram detail of Figure 15.

Applying this approach we continue box 11 with & series of

decisions on J, up to the allowed maximum that n can heve:

INDEX I2 = I1 - Ik
INDEX I2 = I2 - 1
IF (I2, 19) J>n?
INDEX I2 =1 - Il
Ir (12, 12) J=12
INDEX I2 = 2 - Il
IF (I2, 13) J=221
INDEX I2 = 3 - Il
IF (I2, 1k4) J=32
GO TO 19 (§ > mex n)
A numbered step starts box 12:

F10 = DERIV (Y, Fl) 12 numbered step
Fl2 = VAIUE (F10) gg_ Pl - olf

v NN

ox~ "oy
F20 = SUBST (Fl2, X, F10l)
Fo2 = SUBST (F20, Y, F102) et (a,b)
F35 = Fo2 * F3hL times coefficient
GO TO 18
Similarly for box 13:

F10 = DERIV (Y, F2) 1> numbered step
F13 = VALUE (F10) D p. d°r

dy axi-zayz
F20 = SUBST (F13, X, F10l1)
F23 = SUBST (F20, Y, F102) st (a, b)
F35 = F23 * T34 times coefficient
GO TO 18
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( ,‘) hk'7i ) ——F34
‘ 12
F)
9
o ayF'lla,b) —=F22
F22 « F34 —=F35 .
Y 13
=2 2 |Lves | &F2—=F03
£ £2 —_—
NO oy |(0.b) F22
F23 +F34 —=F35
14
: 2 g —FU4
i=3 72 | YES 3
o % F3I(0.bl —a 4
| F24 +F34 —F35 .
I
: 18 Y YES
I | #1 ] —1]
| T +F35—=3 —=FI109
' j$i 2
i>n 2 | NO NO
y YES
(ERROR) (19)
Figure 15. Detail of Boxes 11 through 18, Taylor's Series
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Analogous steps apply for box 1k, etc, for each allowed j. Each
of these boxes leads to box 18:

INDEX T1 = I1 + 1 18  numbered step
F109 = F35 + F109 enlarged ¥
INDEX I2 = I3 - Il

IF (12, 11) J<siz?

The above set of steps increases j, accumulates terms into the series,
and if jJ = i loops back to box 11 to continue with the new j. Other-

wise box 19 is done next:

F10 = DERIV (X, F1) 19 numbered step
F1 = VAIUE (F10) 3 gy _df

ox - 3 i
F20 = SUBST (F1, X, F101) X
F21 = SUBST (F20, Y, F102) at (a, b)

Note that in this case the derivative is taken with respect to x, not y
as in boxes 12, 13, etc. Also a different "coefficient", namely h'/it,

is needed:

F3L = F106 / F108 hi/il
F35 = F3L % F2l new "term"
F109 = F35 + F109 enlarged T

This completes the accumulation of terms at level i, but some
adjustment is needed before the next i1 can be handled. The i-th
level derivatives are not at Fl, F2, F3, etc. as needed in box 12, 13
1Lk, etc. but rather at F1l, F12, F13, etc. Fl is correct because box
19 was done last at level i and the previous Fl was no longer needed.
12 was used in box 12 because the o0ld F2 was still needed for box 13, and

similarly for the others. Hence, these must now be copied into place,

say with a loop on j = 2,3, . . . , i as follows:
INDEX Il = 2 J=2
INDEX I2 = 2 - Il 21 numbered step
IF (12, 22) j=2217
INDEX I2 = 3 - Il
IF (I2, 23) j=31
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INDEX I2 = 4 - Il
IF (12, 24) g=bLo

GO TO 29

F2 = Fl12 22

GO TO 28

F5> = F13 23

GO TO 28

Fi = Flk 2l

GO TO 28

INDEX I1 = Il + 1 28§+ 1- 3
INDEX I2 = I3 - Il

IF (I2, 21) j<izv

(Doing the above by a loop is not strictly necessary here, but in
another context this technique might be very useful.)

We are now ready to advance the index i and loop back to box 10 if

required:
INDEX I3 = I3 + 1 29 i +1-1i
INDEX I2 = Ik - I3
Ir (I2, 10) i<n?

If I2 is negative, we have the entire Taylor's series at F109 and can
display it in readable form:

F200 = RECONV (F109)
The original expression for f(x,y) was destroyed because we reused
label F1 at each level 1. If we had wanted to save it, we could have
copied it from Fl1l to another location in box 1.

The original and final displays are shown in Figure 16.

The above set of expository examples has demonstrated some,
but by no means all, of the capability of SYMAP2. The reader is urged

to consider ways it can be of use to him.
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F100
(SIN(X+Y))

F200
X
+(1, 2)%x* (Y**2)
+(1, 2)% (X#*2)*y
+(1,6)* (x**3)
+Y
+(1,6)*(Y*¥3)

Figure 16. Principal Output, Taylor's Series Example

VI. FPRESENT STATUS OF SYMAP2 AND FUTURE PLANS

The algebraic symbol manipulator SYMAP2 is still experimental
though operational and is continuously being modified. Tt has been
used for a variety of small applications and a few large ones within
BRL, however; and additional applications are welcome. ILocal and
other potential users are encouraged to contact the author.

On the BRIESC 2 computer 80000 words of core memory are required
at present for efficient processing of 300-character strings, and longer
symbol strings require more storage than this. Some temporary use of
disc storage as well as 96000 words of core permits symbol strings up
to TOO characters in length at a cost of greatly increased running
time for disc accesses and exchanges. A much larger core or virtual
memory for BRLESC 2 or its successor is needed for larger problems
requiring strings of 1000 to 2000 characters.

Restrictions on user "programs"” of manipulations include the
following at present (96000 word core memory):

(1) Not more than 40 primitives specified.

(2) Not more than 30 special user functions specified.

(3) Not more than 200 distinct names of results Fi (but nemes

can be reused if desired).

(4) Not more than TOO characters in any string, including

expanded unsimplified intermediate results.
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(5)
(6)

(7)
(8)
(9)

(10)

Not more than 11000 characters total in all results saved.
Not more than 9 distinct indexes In used in arrays (but these
indexes can be used repeatedly).

Not more than 20 distinct counters In (reusable).

Not more than 7O charecters per manipulation specification.
Not more than 200 basic manipulations per program (steps
within loops being counted only once).

Not more than 3 simple lineer equations in a system to be
solved.

A variety of error prints normally inform the user when such

restrictions are not adhered to. However, some of these restrictions

can be relaxed somewhat, at the expense of others, by special arrange-

ment. Most can be relaxed if additional memory becomes available.

Future extensions of SYMAP2 will probably be in these directions:

(1)
(2)

(3)
(4)
(5)

(6)
(7)

(8)

Additional standard functions if needed.

Simpler user commands to replace frequently needed
combinations of present basic manipulations,

More options to permit greater user control.

Improved techniques for reuse of storage if released.

An on-line version for use in remote-access or time-sharing
environments if sufficient storage becomes available.

More "natural' displays, with raised exponents, for example.
Fewer restrictions on labels, to allow applications oriented
names .

Alternative versions of SYMAP2 to respond to special needs.
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